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Lecture plan
• Neural network unit
• The XOR problem
• Feedforward neural networks
• Short break (15 mins)
• Hands-on exercises
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Neural network unit
This is not in your brain
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Neural unit
Take weighted sum of inputs, plus a bias

Apply a nonlinear activation function f:

2 CHAPTER 7 • NEURAL NETWORKS AND NEURAL LANGUAGE MODELS

7.1 Units

The building block of a neural network is a single computational unit. A unit takes
a set of real valued numbers as input, performs some computation on them, and
produces an output.

At its heart, a neural unit is taking a weighted sum of its inputs, with one addi-
tional term in the sum called a bias term. Given a set of inputs x1...xn, a unit hasbias term
a set of corresponding weights w1...wn and a bias b, so the weighted sum z can be
represented as:

z = b+
X

i

wixi (7.1)

Often it’s more convenient to express this weighted sum using vector notation; recall
from linear algebra that a vector is, at heart, just a list or array of numbers. Thusvector
we’ll talk about z in terms of a weight vector w, a scalar bias b, and an input vector
x, and we’ll replace the sum with the convenient dot product:

z = w · x+b (7.2)

As defined in Eq. 7.2, z is just a real valued number.
Finally, instead of using z, a linear function of x, as the output, neural units

apply a non-linear function f to z. We will refer to the output of this function as
the activation value for the unit, a. Since we are just modeling a single unit, theactivation
activation for the node is in fact the final output of the network, which we’ll generally
call y. So the value y is defined as:

y = a = f (z)

We’ll discuss three popular non-linear functions f () below (the sigmoid, the tanh,
and the rectified linear ReLU) but it’s pedagogically convenient to start with the
sigmoid function since we saw it in Chapter 5:sigmoid

y = s(z) =
1

1+ e�z (7.3)

The sigmoid (shown in Fig. 7.1) has a number of advantages; it maps the output
into the range [0,1], which is useful in squashing outliers toward 0 or 1. And it’s
differentiable, which as we saw in Section ?? will be handy for learning.

Figure 7.1 The sigmoid function takes a real value and maps it to the range [0,1]. It is
nearly linear around 0 but outlier values get squashed toward 0 or 1.
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Non-linear activation functions
We're already seen the sigmoid for logistic regression:

Final function the unit is computing:
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Sigmoid

7.1 • UNITS 3

Substituting Eq. 7.2 into Eq. 7.3 gives us the output of a neural unit:

y = s(w · x+b) =
1

1+ exp(�(w · x+b))
(7.4)

Fig. 7.2 shows a final schematic of a basic neural unit. In this example the unit
takes 3 input values x1,x2, and x3, and computes a weighted sum, multiplying each
value by a weight (w1, w2, and w3, respectively), adds them to a bias term b, and then
passes the resulting sum through a sigmoid function to result in a number between 0
and 1.
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Figure 7.2 A neural unit, taking 3 inputs x1, x2, and x3 (and a bias b that we represent as a
weight for an input clamped at +1) and producing an output y. We include some convenient
intermediate variables: the output of the summation, z, and the output of the sigmoid, a. In
this case the output of the unit y is the same as a, but in deeper networks we’ll reserve y to
mean the final output of the entire network, leaving a as the activation of an individual node.

Let’s walk through an example just to get an intuition. Let’s suppose we have a
unit with the following weight vector and bias:

w = [0.2,0.3,0.9]
b = 0.5

What would this unit do with the following input vector:

x = [0.5,0.6,0.1]

The resulting output y would be:

y = s(w · x+b) =
1

1+ e�(w·x+b) =
1

1+ e�(.5⇤.2+.6⇤.3+.1⇤.9+.5) =
1

1+ e�0.87 = .70

In practice, the sigmoid is not commonly used as an activation function. A function
that is very similar but almost always better is the tanh function shown in Fig. 7.3a;tanh
tanh is a variant of the sigmoid that ranges from -1 to +1:

y =
ez � e�z

ez + e�z (7.5)

The simplest activation function, and perhaps the most commonly used, is the rec-
tified linear unit, also called the ReLU, shown in Fig. 7.3b. It’s just the same as xReLU
when x is positive, and 0 otherwise:

y = max(x,0) (7.6)



© Jixing Li

Example
Suppose a unit has:
w = [0.2,0.3,0.9] 
b = 0.5 
What is the output y for the input x:
x = [0.5,0.6,0.1] 

7.1 • UNITS 3
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Non-linear function besides sigmoid

tanh
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tanh is a variant of the sigmoid that ranges from -1 to +1:

y =
ez � e�z

ez + e�z (7.5)

The simplest activation function, and perhaps the most commonly used, is the rec-
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ReLU
Rectified Linear Unit
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Fig. 7.2 shows a final schematic of a basic neural unit. In this example the unit
takes 3 input values x1,x2, and x3, and computes a weighted sum, multiplying each
value by a weight (w1, w2, and w3, respectively), adds them to a bias term b, and then
passes the resulting sum through a sigmoid function to result in a number between 0
and 1.
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w1 w2 w3

∑
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a

Figure 7.2 A neural unit, taking 3 inputs x1, x2, and x3 (and a bias b that we represent as a
weight for an input clamped at +1) and producing an output y. We include some convenient
intermediate variables: the output of the summation, z, and the output of the sigmoid, a. In
this case the output of the unit y is the same as a, but in deeper networks we’ll reserve y to
mean the final output of the entire network, leaving a as the activation of an individual node.

Let’s walk through an example just to get an intuition. Let’s suppose we have a
unit with the following weight vector and bias:

w = [0.2,0.3,0.9]
b = 0.5

What would this unit do with the following input vector:

x = [0.5,0.6,0.1]

The resulting output y would be:

y = s(w · x+b) =
1

1+ e�(w·x+b) =
1

1+ e�(.5⇤.2+.6⇤.3+.1⇤.9+.5) =
1

1+ e�0.87 = .70

In practice, the sigmoid is not commonly used as an activation function. A function
that is very similar but almost always better is the tanh function shown in Fig. 7.3a;tanh
tanh is a variant of the sigmoid that ranges from -1 to +1:

y =
ez � e�z

ez + e�z (7.5)

The simplest activation function, and perhaps the most commonly used, is the rec-
tified linear unit, also called the ReLU, shown in Fig. 7.3b. It’s just the same as zReLU
when z is positive, and 0 otherwise:

y = max(z,0) (7.6)

Most common

hyperbolic tangent function
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Figure 7.3 The tanh and ReLU activation functions.

These activation functions have different properties that make them useful for
different language applications or network architectures. For example, the tanh func-
tion has the nice properties of being smoothly differentiable and mapping outlier
values toward the mean. The rectifier function, on the other hand has nice properties
that result from it being very close to linear. In the sigmoid or tanh functions, very
high values of z result in values of y that are saturated, i.e., extremely close to 1,saturated
and have derivatives very close to 0. Zero derivatives cause problems for learning,
because as we’ll see in Section 7.4, we’ll train networks by propagating an error
signal backwards, multiplying gradients (partial derivatives) from each layer of the
network; gradients that are almost 0 cause the error signal to get smaller and smaller
until it is too small to be used for training, a problem called the vanishing gradientvanishing

gradient
problem. Rectifiers don’t have this problem, since the derivative of ReLU for high
values of z is 1 rather than very close to 0.

7.2 The XOR problem

Early in the history of neural networks it was realized that the power of neural net-
works, as with the real neurons that inspired them, comes from combining these
units into larger networks.

One of the most clever demonstrations of the need for multi-layer networks was
the proof by Minsky and Papert (1969) that a single neural unit cannot compute
some very simple functions of its input. Consider the task of computing elementary
logical functions of two inputs, like AND, OR, and XOR. As a reminder, here are
the truth tables for those functions:

AND OR XOR

x1 x2 y x1 x2 y x1 x2 y

0 0 0 0 0 0 0 0 0
0 1 0 0 1 1 0 1 1
1 0 0 1 0 1 1 0 1
1 1 1 1 1 1 1 1 0

This example was first shown for the perceptron, which is a very simple neuralperceptron

unit that has a binary output and does not have a non-linear activation function. The
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Perceptrons
A very simple neural unit 
Binary output  (0 or 1)
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output y of a perceptron is 0 or 1, and is computed as follows (using the same weight
w, input x, and bias b as in Eq. 7.2):

y =
⇢

0, if w · x+b  0
1, if w · x+b > 0 (7.7)

It’s very easy to build a perceptron that can compute the logical AND and OR
functions of its binary inputs; Fig. 7.4 shows the necessary weights.
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(a) (b)
Figure 7.4 The weights w and bias b for perceptrons for computing logical functions. The
inputs are shown as x1 and x2 and the bias as a special node with value +1 which is multiplied
with the bias weight b. (a) logical AND, showing weights w1 = 1 and w2 = 1 and bias weight
b = �1. (b) logical OR, showing weights w1 = 1 and w2 = 1 and bias weight b = 0. These
weights/biases are just one from an infinite number of possible sets of weights and biases that
would implement the functions.

It turns out, however, that it’s not possible to build a perceptron to compute
logical XOR! (It’s worth spending a moment to give it a try!)

The intuition behind this important result relies on understanding that a percep-
tron is a linear classifier. For a two-dimensional input x1 and x2, the perception
equation, w1x1 +w2x2 +b = 0 is the equation of a line. (We can see this by putting
it in the standard linear format: x2 = (�w1/w2)x1 +(�b/w2).) This line acts as a
decision boundary in two-dimensional space in which the output 0 is assigned to alldecision

boundary
inputs lying on one side of the line, and the output 1 to all input points lying on the
other side of the line. If we had more than 2 inputs, the decision boundary becomes
a hyperplane instead of a line, but the idea is the same, separating the space into two
categories.

Fig. 7.5 shows the possible logical inputs (00, 01, 10, and 11) and the line drawn
by one possible set of parameters for an AND and an OR classifier. Notice that there
is simply no way to draw a line that separates the positive cases of XOR (01 and 10)
from the negative cases (00 and 11). We say that XOR is not a linearly separablelinearly

separable
function. Of course we could draw a boundary with a curve, or some other function,
but not a single line.

7.2.1 The solution: neural networks
While the XOR function cannot be calculated by a single perceptron, it can be cal-
culated by a layered network of units. Let’s see an example of how to do this from
Goodfellow et al. (2016) that computes XOR using two layers of ReLU-based units.
Fig. 7.6 shows a figure with the input being processed by two layers of neural units.
The middle layer (called h) has two units, and the output layer (called y) has one
unit. A set of weights and biases are shown for each ReLU that correctly computes
the XOR function.

Let’s walk through what happens with the input x = [0 0]. If we multiply each
input value by the appropriate weight, sum, and then add the bias b, we get the
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Fig. 7.6 shows a figure with the input being processed by two layers of neural units.
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the XOR function.

Let’s walk through what happens with the input x = [0 0]. If we multiply each
input value by the appropriate weight, sum, and then add the bias b, we get the

AND

4 CHAPTER 7 • NEURAL NETWORKS AND NEURAL LANGUAGE MODELS

(a) (b)
Figure 7.3 The tanh and ReLU activation functions.

These activation functions have different properties that make them useful for
different language applications or network architectures. For example, the tanh func-
tion has the nice properties of being smoothly differentiable and mapping outlier
values toward the mean. The rectifier function, on the other hand has nice properties
that result from it being very close to linear. In the sigmoid or tanh functions, very
high values of z result in values of y that are saturated, i.e., extremely close to 1,saturated
and have derivatives very close to 0. Zero derivatives cause problems for learning,
because as we’ll see in Section 7.4, we’ll train networks by propagating an error
signal backwards, multiplying gradients (partial derivatives) from each layer of the
network; gradients that are almost 0 cause the error signal to get smaller and smaller
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values of z is 1 rather than very close to 0.
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While the XOR function cannot be calculated by a single perceptron, it can be cal-
culated by a layered network of units. Let’s see an example of how to do this from
Goodfellow et al. (2016) that computes XOR using two layers of ReLU-based units.
Fig. 7.6 shows a figure with the input being processed by two layers of neural units.
The middle layer (called h) has two units, and the output layer (called y) has one
unit. A set of weights and biases are shown for each ReLU that correctly computes
the XOR function.

Let’s walk through what happens with the input x = [0 0]. If we multiply each
input value by the appropriate weight, sum, and then add the bias b, we get the
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works, as with the real neurons that inspired them, comes from combining these
units into larger networks.

One of the most clever demonstrations of the need for multi-layer networks was
the proof by Minsky and Papert (1969) that a single neural unit cannot compute
some very simple functions of its input. Consider the task of computing elementary
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AND OR XOR

x1 x2 y x1 x2 y x1 x2 y

0 0 0 0 0 0 0 0 0
0 1 0 0 1 1 0 1 1
1 0 0 1 0 1 1 0 1
1 1 1 1 1 1 1 1 0

This example was first shown for the perceptron, which is a very simple neuralperceptron

unit that has a binary output and does not have a non-linear activation function. The

OR



© Jixing Li

XOR with perceptrons?

7.2 • THE XOR PROBLEM 5

output y of a perceptron is 0 or 1, and is computed as follows (using the same weight
w, input x, and bias b as in Eq. 7.2):

y =
⇢

0, if w · x+b  0
1, if w · x+b > 0 (7.7)

It’s very easy to build a perceptron that can compute the logical AND and OR
functions of its binary inputs; Fig. 7.4 shows the necessary weights.
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Figure 7.4 The weights w and bias b for perceptrons for computing logical functions. The
inputs are shown as x1 and x2 and the bias as a special node with value +1 which is multiplied
with the bias weight b. (a) logical AND, showing weights w1 = 1 and w2 = 1 and bias weight
b = �1. (b) logical OR, showing weights w1 = 1 and w2 = 1 and bias weight b = 0. These
weights/biases are just one from an infinite number of possible sets of weights and biases that
would implement the functions.

It turns out, however, that it’s not possible to build a perceptron to compute
logical XOR! (It’s worth spending a moment to give it a try!)

The intuition behind this important result relies on understanding that a percep-
tron is a linear classifier. For a two-dimensional input x1 and x2, the perception
equation, w1x1 +w2x2 +b = 0 is the equation of a line. (We can see this by putting
it in the standard linear format: x2 = (�w1/w2)x1 +(�b/w2).) This line acts as a
decision boundary in two-dimensional space in which the output 0 is assigned to alldecision

boundary
inputs lying on one side of the line, and the output 1 to all input points lying on the
other side of the line. If we had more than 2 inputs, the decision boundary becomes
a hyperplane instead of a line, but the idea is the same, separating the space into two
categories.

Fig. 7.5 shows the possible logical inputs (00, 01, 10, and 11) and the line drawn
by one possible set of parameters for an AND and an OR classifier. Notice that there
is simply no way to draw a line that separates the positive cases of XOR (01 and 10)
from the negative cases (00 and 11). We say that XOR is not a linearly separablelinearly

separable
function. Of course we could draw a boundary with a curve, or some other function,
but not a single line.

7.2.1 The solution: neural networks
While the XOR function cannot be calculated by a single perceptron, it can be cal-
culated by a layered network of units. Let’s see an example of how to do this from
Goodfellow et al. (2016) that computes XOR using two layers of ReLU-based units.
Fig. 7.6 shows a figure with the input being processed by two layers of neural units.
The middle layer (called h) has two units, and the output layer (called y) has one
unit. A set of weights and biases are shown for each ReLU that correctly computes
the XOR function.

Let’s walk through what happens with the input x = [0 0]. If we multiply each
input value by the appropriate weight, sum, and then add the bias b, we get the
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Figure 7.3 The tanh and ReLU activation functions.

These activation functions have different properties that make them useful for
different language applications or network architectures. For example, the tanh func-
tion has the nice properties of being smoothly differentiable and mapping outlier
values toward the mean. The rectifier function, on the other hand has nice properties
that result from it being very close to linear. In the sigmoid or tanh functions, very
high values of z result in values of y that are saturated, i.e., extremely close to 1,saturated
and have derivatives very close to 0. Zero derivatives cause problems for learning,
because as we’ll see in Section 7.4, we’ll train networks by propagating an error
signal backwards, multiplying gradients (partial derivatives) from each layer of the
network; gradients that are almost 0 cause the error signal to get smaller and smaller
until it is too small to be used for training, a problem called the vanishing gradientvanishing

gradient
problem. Rectifiers don’t have this problem, since the derivative of ReLU for high
values of z is 1 rather than very close to 0.

7.2 The XOR problem

Early in the history of neural networks it was realized that the power of neural net-
works, as with the real neurons that inspired them, comes from combining these
units into larger networks.

One of the most clever demonstrations of the need for multi-layer networks was
the proof by Minsky and Papert (1969) that a single neural unit cannot compute
some very simple functions of its input. Consider the task of computing elementary
logical functions of two inputs, like AND, OR, and XOR. As a reminder, here are
the truth tables for those functions:

AND OR XOR

x1 x2 y x1 x2 y x1 x2 y
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This example was first shown for the perceptron, which is a very simple neuralperceptron
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Perceptrons are linear classifiers
Perceptron equation given x1 and x2, is the equation of a 
line
w1x1 + w2x2 + b = 0  à x2 = (−w1/w2)x1 + (−b/w2)

This line acts as a decision boundary 
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Solution to the XOR problem
A layered network of unit:
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Figure 7.3 The tanh and ReLU activation functions.
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7.1 • UNITS 3

Substituting Eq. 7.2 into Eq. 7.3 gives us the output of a neural unit:

y = s(w · x+b) =
1

1+ exp(�(w · x+b))
(7.4)

Fig. 7.2 shows a final schematic of a basic neural unit. In this example the unit
takes 3 input values x1,x2, and x3, and computes a weighted sum, multiplying each
value by a weight (w1, w2, and w3, respectively), adds them to a bias term b, and then
passes the resulting sum through a sigmoid function to result in a number between 0
and 1.
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y
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∑

b

σ
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a

Figure 7.2 A neural unit, taking 3 inputs x1, x2, and x3 (and a bias b that we represent as a
weight for an input clamped at +1) and producing an output y. We include some convenient
intermediate variables: the output of the summation, z, and the output of the sigmoid, a. In
this case the output of the unit y is the same as a, but in deeper networks we’ll reserve y to
mean the final output of the entire network, leaving a as the activation of an individual node.

Let’s walk through an example just to get an intuition. Let’s suppose we have a
unit with the following weight vector and bias:

w = [0.2,0.3,0.9]
b = 0.5

What would this unit do with the following input vector:

x = [0.5,0.6,0.1]

The resulting output y would be:

y = s(w · x+b) =
1

1+ e�(w·x+b) =
1

1+ e�(.5⇤.2+.6⇤.3+.1⇤.9+.5) =
1

1+ e�0.87 = .70

In practice, the sigmoid is not commonly used as an activation function. A function
that is very similar but almost always better is the tanh function shown in Fig. 7.3a;tanh
tanh is a variant of the sigmoid that ranges from -1 to +1:

y =
ez � e�z

ez + e�z (7.5)

The simplest activation function, and perhaps the most commonly used, is the rec-
tified linear unit, also called the ReLU, shown in Fig. 7.3b. It’s just the same as zReLU
when z is positive, and 0 otherwise:

y = max(z,0) (7.6)
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The hidden representation h
A layered network of unit:
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x2

a) The original x space
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b) The new (linearly separable) h space

hidden layers learn to form useful representations

h1		h2
0					0
1					0
1 0
2					1
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Feedforward neural networks
Two-layer network with scalar output

U

W

xnx1 +1

y is a scalar

b

hidden units

input layer

output layer
z = 𝑈ℎ
𝑦 = 𝜎(𝑧)
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Feedforward neural networks
Two-layer network with softmax output

U

W

xnx1 +1

b

hidden units

input layer

output layer
z = 𝑈ℎ
𝑦 = softmax(𝑧)
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The softmax function
Turns a vector z = [z1, z2, ... , zk] of k arbitrary values into 
probabilities 
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distributed according to a Gaussian distribution with mean µ = 0. In a Gaussian
or normal distribution, the further away a value is from the mean, the lower its
probability (scaled by the variance s ). By using a Gaussian prior on the weights, we
are saying that weights prefer to have the value 0. A Gaussian for a weight q j is

1q
2ps2

j

exp

 
�
(q j �µ j)2

2s2
j

!
(5.27)

If we multiply each weight by a Gaussian prior on the weight, we are thus maximiz-
ing the following constraint:

q̂ = argmax
q

MY

i=1

P(y(i)|x(i))⇥
nY

j=1

1q
2ps2

j

exp

 
�
(q j �µ j)2

2s2
j

!
(5.28)

which in log space, with µ = 0, and assuming 2s2 = 1, corresponds to

q̂ = argmax
q

mX

i=1

logP(y(i)|x(i))�a
nX

j=1

q 2
j (5.29)

which is in the same form as Eq. 5.24.

5.6 Multinomial logistic regression

Sometimes we need more than two classes. Perhaps we might want to do 3-way
sentiment classification (positive, negative, or neutral). Or we could be assigning
some of the labels we will introduce in Chapter 8, like the part of speech of a word
(choosing from 10, 30, or even 50 different parts of speech), or the named entity
type of a phrase (choosing from tags like person, location, organization).

In such cases we use multinomial logistic regression, also called softmax re-
multinomial

logistic
regression gression (or, historically, the maxent classifier). In multinomial logistic regression

the target y is a variable that ranges over more than two classes; we want to know
the probability of y being in each potential class c 2C, p(y = c|x).

The multinomial logistic classifier uses a generalization of the sigmoid, called
the softmax function, to compute the probability p(y = c|x). The softmax functionsoftmax
takes a vector z = [z1,z2, ...,zk] of k arbitrary values and maps them to a probability
distribution, with each value in the range (0,1), and all the values summing to 1.
Like the sigmoid, it is an exponential function.

For a vector z of dimensionality k, the softmax is defined as:

softmax(zi) =
exp(zi)Pk
j=1 exp(z j)

1  i  k (5.30)

The softmax of an input vector z = [z1,z2, ...,zk] is thus a vector itself:

softmax(z) =

"
exp(z1)Pk
i=1 exp(zi)

,
exp(z2)Pk
i=1 exp(zi)

, ...,
exp(zk)Pk
i=1 exp(zi)

#
(5.31)
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For a vector z of dimensionality k, the softmax is defined as:

softmax(zi) =
ezi

Pk
j=1 ez j

1  i  k (5.32)

The softmax of an input vector z = [z1,z2, ...,zk] is thus a vector itself:

softmax(z) =

"
ez1

Pk
i=1 ezi

,
ez2

Pk
i=1 ezi

, ...,
ezk

Pk
i=1 ezi

#
(5.33)

The denominator
Pk

i=1 ezi is used to normalize all the values into probabilities.
Thus for example given a vector:

z = [0.6,1.1,�1.5,1.2,3.2,�1.1]

the result softmax(z) is

[0.055,0.090,0.0067,0.10,0.74,0.010]

Again like the sigmoid, the input to the softmax will be the dot product between
a weight vector w and an input vector x (plus a bias). But now we’ll need separate
weight vectors (and bias) for each of the K classes.

p(y = c|x) =
ewc · x+bc

kX

j=1

ew j · x+b j

(5.34)

Like the sigmoid, the softmax has the property of squashing values toward 0 or
1. thus if one of the inputs is larger than the others, will tend to push its probability
toward 1, and suppress the probabilities of the smaller inputs.

5.6.1 Features in Multinomial Logistic Regression
For multiclass classification the input features need to be a function of both the
observation x and the candidate output class c. Thus instead of the notation xi, fi
or fi(x), when we’re discussing features we will use the notation fi(c,x), meaning
feature i for a particular class c for a given observation x.

In binary classification, a positive weight on a feature pointed toward y=1 and
a negative weight toward y=0... but in multiclass a feature could be evidence for or
against an individual class.

Let’s look at some sample features for a few NLP tasks to help understand this
perhaps unintuitive use of features that are functions of both the observation x and
the class c,

Suppose we are doing text classification, and instead of binary classification our
task is to assign one of the 3 classes +, �, or 0 (neutral) to a document. Now a
feature related to exclamation marks might have a negative weight for 0 documents,
and a positive weight for + or � documents:
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Example

x	=	[0.442,-0.562,2.795,2.087]
W	=	[[1,1,1,1],

[1,1,1,1]]
b1	=	[1,1],	b2	=	1
U	=	[1,1]
h	=	ReLU(W*x+b1)
y	=	sigmoid(U*h+b2)

U

W b1

z = 𝑈ℎ+b2
𝑦 = 𝜎(𝑧)

h = max(𝑊𝑥 + 𝑏1,0) b2
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To do
• Optional reading: SLP Ch7.1-7.3


